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Abstract: The effect of domain switching on arisotropic fracture behavior of polycrystalline
ferroelectric ceramics was revealed on the basis of the micromechanics method . Firstly , the
electroelastic field inside and outside an inclusion in an infinite ferroelectric ceramics is
carried out by the way of Eshelby-Mori-Tanaka’ s theory and a statistical model, which
accounts for the influence of domain switching . Further , the crack extension force ( energy-
release rate) G ., for a penny-shape crack inside an effective polycrystalline ferroelectric
ceramics is derived to estimate the averaged effect of domain switching on the fracture
behavior of polycrystalline ferroelectric ceramics. The simulations of the crack extension
force for a crack in a BaTiO; ceramics are shown that the effect of domain switching must be
taken into consideration while analyzing the fracture behavior of polycrystalline ferroelectric
ceramics . These results also demonstrate that the influence of the applied electric field on
the crack propagation is more profound at smaller mechanical loading and the applied
electric field may ebnhqnce the crack extension in a sense, which are consistent with the

experimental results .
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Introduction

Recently, the ferroelectric ceramics has such excellent characteristics of piezoelectricity and
pyroelectricity etc . that it becomes one of the most important functional materials . For instance,
the widely applied sensors, transducers and actuators efc . are made of the ferroelectric ceramics
due to their good piezoelectric and pyroelectric propertiesm . Since these ferroelectric components
are always subjected to the, alternative and strong mechanical loading or electric field, it is
crucially important to characterize the effective macroscopic electroelastic properties of the

polycrystalline ferroelectric ceramics and analyze their reliability, such as the ferroelectric
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Fracture Behavior of Polycrystalline Ferroelectrics 1251

ceramics’ fracture and failure. As is well-known, a commercial ferroelectric ceramics is a
polycrystalline material and an individual crystal is composed of many domains with the
spontaneous polarization and strains'>**) . Moreover, all the experimental results had revealed that
the spontaneous electrical polarization inside one domain can be reversed in a complicated way of
new domain nucleation and domain-wall motion by means of a realizable electric or mechanical
field, which is so-called domain switching, as shown in Fig.1. An electric field can cause both

(a) (b)

Fig.1 An illustration diagram shows the microstructure and its

evolution in a polycrystalline ferroelectric ceramics

90° and 180° domain switching, buta mechanic loading can only reorient 90° domain. Only 90°
domain switching can affect the spontaneous strains of a crystal. As the result of domain
switching, the effective polarization and strains of an individual crystal treated as the vector sum
of all the domains in will vary in the magnitude and the direction so as to minimize the body
energy . Cao and Evans'* , Ansgar et al 15! and Zhang et al.'® demonstrated the fact that
domain switching determines the macroscopic electroelastic properties of ferroelectric directly by
the different experimental test method. In theory, Hwang et al 78] , Cheng et al. (9] , Li and
Weng'®! employed the different models to lighten the effect of domain switching and study the
overall electroelastic properties of the ferroelectric ceramics with considering an evolving
microstructure . Additionally, many experiments had been conducted to bring the intrinsic quality
of fracture characteristics of polycrystalline ferroelectric ceramics into light and then found that the
internal stress redistributed around the new-switchedly crystal was the inherent source of
generating microcrack even leading to ferroelectric ceramics failurel> =3 1= All the studies
made sure that the fracture behavior of ferroelectric ceramics is mainly associated with themselves
inherent special microstructure-domain and microstructure-level phenomena-domain switching,
and domain switching can prevent a crack parallel to the poling direction from propagating but
promote a crack perpendicular to the poling direction to grow. Simultaneously, many theoretical
works! >~ %) had been proposed to investigate the electric-mechanic combined fracture
characteristics of the linear piezoelectric ceramics in the light of the linear elastic fracture
mechanic method. In spite of these theoretical studies for the linear piezoelectric ceramics has
been achieved, these theoretical predictions differed from the experimental results without
considering the influence of domain switching on the fracture toughness. Recently Yang and
Zhu?) studied the switching-toughening of ferroelectrics by a model of stress-assisted 90°

polarization switching to quantify the toughening process based on the Reuss approximation.
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Since the practical failure of polycrystalline ferroelectric ceramics is caused by the extension of the
internal defects, such as voids and microcracks, it is feasible to establish a simply
micromechanics model to solve the electroelastic field inside and outside an ellipsoidal inclusion in
ferroelectric ceramics in terms of Eshelby-Mori-Tanaka’s method; and then the crack extension
force (energy-release rate) G.,, derived by a micromechanics model for a penny-shape crack
inside an effective ferroelectric ceramics is utilized to analyze the averaged influence of domain
switching on ferroelectrics fracture characteristics .

1 General Formulation

If the free charges and body forces do not exist in a piezoelectric body, the static elastic and
electric field equation can be written in terms of Gauss’s law and static equilibrium conditon as
Divergence equations
6;; =0, D,; =0. (1)
Gradient equations

1

i T2

Y

(ui,j + u',i): E, =- $;.

J
Constitutive equations
05 = CijnnEmn + enij¢,n’ D; = €ipmEmn - kin¢,n' (3)
The shorthand notions used by Barnett and Lothe!®!
equations as the following compact formation:

are introduced to describe above

p {e,,,,, (M =1,2,3), @)
o, (M= 4)
and
uw (IW = 1,2’3)9
U, = { ™ (5)
M ¢ (M = 4).
Similarly the stress and electric displacement are represented as
Oy (] = 1,293)9
Ei] = { / (6)
D; (J =4).

In the same manner, the compact notation of electroelastic material coefficient tensor can be
obtained

Cimn (J,M =1,2,3),

€, (J =1,2,3; M = 4),

€inn (J =4M =1,2,3),

- ki, (J,M = 4).

It is noted that the “inverse” of Ejy, is defined as F;, evidently E;py, and F,; are

(7)

Ei]Mn =

diagonally symmetric.

In order to be convenient to derive in next section, the above equations can be represented in
the following matrix form: :
Zoxr = EooZoyis Zgg = Fog Xy (8)
where the mapping of adjacent indices is used as follows:

(11) -1, (22)—>2, (33)—>3, (23)—>4, (13)—>5,
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(12) -6, (14)—>17, (24)—>8, (34)—>9.
2 A Theroetical Model

For an unpoled ferroelectric ceramics, the effective polarization of an individual crystal
randomly distributes as shown in Fig.1(a). When the ferroelectric ceramics is subjected to an
electric field, the new domain will nucleate and the domain wall will move (two mechanisms of
domain switching) so as to reorient the effective polarization of an individual crystal. Thus, the
effective polarization will be closest to local electric field in order to minimize the body free
energy, as shown in Fig. 1 (b). Therefore based on the microstructure characteristic of
polycrystalline ferroelectric ceramics, we can establish a statistical model to carry out the averaged
effect of domain switching on the macroscopic electroelastic properties in the light of Eshelby-
Mori-Tanaka’s method. As mentioned by Mura!® |, we can further employ a micromechanic
model for a penny-shape crack inside an effective piezoelectric media to estimate the average
influence of domain switching on the crack extension, as shown in Fig.2. Therefore, we can
only calculate the interaction energy between the external combined electric/mechanical field and
the crack as the crack extension force if considering the crack as an inclusion inside the effective
ferroelectric ceramics. 4

Therefore, it is of importance to analyze the
eigenficld inside the new-switching crystal and crack

firstly which are denoted by Z* * and Z_ . In the course
of solution for electroelastic field inside an inclusion, the
effect of the penny-crack is not considered for obtaining
Z™ ", but the interactions among the inclusions and the
crack in taken into account by the back stress and electric

24]

displacement analysis, which is reasonable! Once

Z"" and Z] are solved, we can compute the crack

extension force (energy-release rate) G, for a penny-

. . . Fig.2 A theoretical model of a penny-
shape crack in an effective medium. For later & ) o penny
. . . shape microcrack inside an
convenience, the regions of the matrix, the new- . .
. . effective polycrystalline
swichedly crystal and the microcrack are denoted by {2, ,

ferroelectric ceramics
Q; and (Q, respectively. The -electroelastic tensor

coefficients of the matrix and the crystal are expressed as E,, F, and E;, F;.

3 Solution Procedure

3.1 The electroelastic field inside a new-switchedly crystal

As is well-known, domain switching is the inherent source of mainly affecting the
macroscopic electroelastic properties of polycrystalline ferroelectric ceramics. Merz!*>! made a
conclusion by the experimental results that domain switching was mainly a problem of new
domain nucleation under the action of an electric field. And an empirical expression of the

nucleation (domain switching) probability P of an individual crystal was given byt %!

P = Poexp( - %) , (9)
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where b is the threshold electrical field. For a BaTiO; ceramics, the threshold b is 470 kV/m. P,
is the probability of nucleation (domain switching) for infinite field stregth E ., . The probability
of domain switching determined by Eq.(9) only depends on the applied electric field. Under the
action of the external mechanical field, we can roughly “transfer” the applied mechanical field
into the equal electric field applicable to Eq. (9 ) through the piezoelectric constitutive
relationship. Since the experiential expression Eq.(9) was derived from a finite body, the actual
electric field £ in Eq. (9) applied to an individual crystal in an infinite ferroelectric ceramics must
be replaced by the effective electric field considering the interactions among the crystals in this
paper .
Thus, the volume fraction of the new-swithedly crystals V; can be derived from the volume
fraction V { of all the switchable crystals and the domain switching probability P
Vi = VP, (10)
In accordance with the theoretical model and Eshelby’s equivalent inclusion theory, as the
new-switchedly crystal caused by the external applied field is treated as an inclusion, the average
field X, of matrix with the electroelastic moduli E,, can be presented as
X, =X%X = E(Z2°%Z"), (11)
where Z', X}, are the disturbed fields due to the inhomogeneous inclusion occupying a region (2,
with the electroelastic moduli E, and the interactions among the new-switchedly crystals. Inside
the inclusion, the equivalent inclusion method yields the electroelastic field X,
Y, = 2% X + X = E(Z°%Z'+Z"™ Z") =
E(Z°+2' + 2™ 2" - Z2""), (12)
where Z~ is the eigenfield of the new-switchiedly crystal under the action of the external field. It
is reasonable to assume that the effective polarization orientation of the new-switchedly crystal is
parallel to the direction of the applied electrical field as a result of domain switching. Z "~ * is the
fictitious eigenfield: strain and electric field due to the inhomogeneity. Z®, the disturbed field,
can be written as
Z* = S(Z" +2"7), (13)
where § is the Eshelby’s electroelastic tensor that is derived from Wang’ s!?! three-dimensional
solution of an ellipsoidal inclusion in a piezoelectric material (see Appendix A) .
When subjected to a far-field traction antl electric displacement, X%n;, on the boundary
with outward unit normal vector n;, the average field of the throughout ceramics can be obtained

in terms of Mori-Tanaka’s mean field theory by

(%) = lj x4V + ij Edv = 5°, (14)
V)b-q, Via,

where {*) means the volume average, V is the volume of the whole ferroelectric ceramics.
Substituting Egs.(11), (12), (13) into Eq.(14) leads to
Z' = V(S -I)(Z" +Z"7), (15)
where V; is the volume fraction of the total new-switchedly crystals, as presented in Eq.(10).
Combining Eqs.(11) - (15) leads to
Z*" = [E (S - I) - E;S + Vi:(E; - E.)(S - I)]™" x
(Ei - E){(Z° + (1 -V)(S-DZ"]. (16)
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Therefore in the new-switchedly crystals, we have
Xt = E (S-I)(Z" +Z""). (17)
3.2 The general solution for the electroelastic field inside a void
Now let us consider a spatially distributed penny-shape crack occupying a region (2, in a
ferroelectric ceramics to carry out the internal eigenfield. Based on the Eshelby’s equivalent
inclusion theory, we present the electroelastic field X~ inside a crack in the local coordinate
system;
= X% EY 4+ EM 0= E (Z% 2V v 27 Z01), (18)
where superscript “L” denotes the local coordinate system (Fig.2) . We can assume that the fixed
coordinate system is denoted as (x,, %,, %3 ), the local coordinate system can be established by
(xY, 2L, x%) . The x} is the symmetric axis like the fixed coordinate and let x} lie in (%, , %,)
plane with no loss in generality, then, we can obtain the transformation matrix T from the fixed
one to the local one:

cosa sing 0
T = | - sinacosf cosacosf  sinf |,
sinesin - sinfcosa cosf
then

ef = TinTinbnn> Ef = T,E, (19)

Based on the Eshelby’s electroelastic tensor §, Z. % can be given from Eq. (18) as
Z;' = (S, -D(Z2 + Z'). (20)

Then using the coordinate transformation matrix A (see Appendix B), we can obtain
Z} =- AN S, -D)TA(Z° + ZV). (21)

3.3 The crack extension force for a crack inside a ferroelectric ceramics

Similar to the micromechanics definition of the strain energy release-rate for an crack as an
inclusion in the effective elastic medium, the interaction energy A W between the external electric/
mechanic combined field and an inclusion in a ferroelectric ceramics can be defined as the change
of total elastic and electric energy (the Gibbs free energy) due to the presence of inclusion!']

AW = %J (5% E')(Z% Zl)dV‘J (2%, )(U°+ UAVY -
2 1 DI

(3] =oz0av- [ (zom)yviav], (22)

where in the matrix X' is equal to X., and in the inclusion X' is equal to XL, + XL
Applying Gauss’s theorem to Eq. (22)and considering a crack as the inclusion inside an

effective electroelastic medium can yield

AW = - lj X0Z:dV = - lvcz"z: , (23)
2 nc 2

P4

where V., = (4n/3)c¢*t is the volume of a penny-shape crack. ¢ and t denotes the size of the
principal axes of a penny-shaped crack.
The Griffith fracture criterion can be written as
8G = (AW + 257), (24)
where G is the Gibbs free energy and 7 is the surface energy per unit area of the crack surface.
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Thus we can obtain the crack extension force G.,, as

IAW

Cou == 25,

(25)

é

where “s” is the surface area of the crack.

Once G,,, = 7, the crack extends to propagate. Since we aim at analyzing the averaged
effects of domain switching on the crack extension force, we can adopt the mean field approach to
consider the interactions among the new-switchedly crystals, in which the external field X° in
Eq.(23) should be replaced by the effective field which was given by Mori-Tanaka'®! as
follows: ,

ZH = B VEL(S-D(Z") +(2"7)).
Thus from Eq.(25), we have the crack extension force G, in the case of considering the

effect of domain switching
Gou = %cpZeEZ: , (26)

where p is the aspect ratio t/c¢ of the crack.

If the effect of domain switching is not taken into consideration, the crack extension force
G,,, for the case of pure matrix surrounding a penny-shaped crack is set as G,. The crack
extension force G, can be obtained in the same produce as

oW 1 .
G, = - % = 5 o8 0z, (27)

where Z, can be obtained by the means of Eshelby’s equivalent inclusion theory as
ZhH =-AY(S, -I)TAZ". (28)
Since the surface energy ¥ can be regarded as one of material constants for a given material,

we can verify directly the effect of domain switching on the fracture behavior of polycrystalline
ferroelectric ceramics through comparing the crack extension force G, with G, under the same

condition .
4 Numerical Results and Discussions

In this section, the simulations for the crack extension force of a crack in a BaTiO; ceramics
are taken as example . At the room temperature, the tetragonal phase of BaTiO; single crystal has
the cell constants @ = 3.992 A and ¢ = 4.035 A and a spontaneous polarization P, = 0.26
C/m* . Thus, the eigenstrain and eigenelectric displacement of a single-crystal can be calculated in
the local coordination as follows: €,; = €5 = - 0.005, €5 = 0.01, Dy = 0.26 C/m’and
others are all zero. The relevant elastic, piezoelectric and dielectric coefficients for BaTiO,
single-crystal and polycrystalline ceramics at 25°C are shown as follows:

Ceramics
C% = 166 GPa, C% = 162 GPa, C% = 43 GPa,

c% = 77 GPa, C%, = 78 GPa,
ey = —4.4C/m*, ey = 18.6C/m*, e = 11.6 C/m?,
ki = 11.2 x 107° C*/(Nm?), ks = 12.6 x 1077 C*/(Nm?),
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dy = =79 x 107" C/N, ds = 191 x 107> C/N, dys = 270 x 107 C/N
Single crystal
Ch, = 275 GPa, C% = 164.8 GPa, C%, = 54.3 GPa,
C% = 178.9 GPa, C% = 151.6 GPa,

ey = —2.69 C/m*>, ey = 3.65 C/m*, e;5 = 21.3 C/m?,
ky = 17.4 x 107° C*/(Nm®), ks = 0.96 x 107° C*/(Nm?),
dy = —34.5x 1002 C/N, dy = 85.6 x 1002 C/N, dis = 392 x 10712 C/N

Based on the proposed model, the crack extension force (energy release rate) G, for a
penny-shaped crack inside a ferroelectric ceramics is calculated to study the averaged effect of
domain switching on the fracture behavior of polycrystalline ferroelectric ceramics. In the case of
the aspect ratio p = 1/100 and the distribution angle @ = 8 = 0 of a crack, the simulations for the
crack extension force are shown in Fig.3 as a function of the external applied field and the aspect
ratio of a new-switchedly crystal. From Fig.3, it is obvious that the normalized crack extension
force G,/ G, increases to a maximum while E; ~ 600 kV/m, which is approximated to the
coercive field of a BaTiO; ceramics, and then decreases to an asymptotic value about 50 as the
applied electric field increasing. The results shown in Fig.3 also indicate that the influence of the
applied electric field on the crack extension force will decrease while the applied mechanic loading
increases. All the phenomena can be interpreted as a result of domain switching. Since both the
applied electric field and mechanic field can cause domain swithing, more and more swithable
crystals will reorient no matter which of either electric field or mechanic loading increases.
Consequentially, the effective macroscopic properties of ferroelectric ceramics will be
approximated to that of the single crystal and then the normalized crack extension force G,/ G,
will be approximated to a finite value, as stated in Eqs.(25) and (28). But, all the simulations
confirm that the applied electric field can ephance the crack propagation, which means that the
electric field may decrease the critical fracture stress in theory after domain switching is taken into
consideration. The effect of the aspect ration of a new-switchedly crystal shown in Fig.4 indicates

case | 1643 =30 MPa

225¢

normalized G,/ G,

0 1 2 3 3 5 x 106
E3/(V/m) Ey/(V/m)

Fig.3 Influence of the applied electrical field Fig.4 Influence of the aspect ratio I/ b of

E; and the mechanical field ¢4; on the new-switchedly crystal on the
the normalized crack extension normalized crack extension
force G,/ G, in the case of force G,/ G, in a given

a=f =@ and ¢ = 10 um mechanic loading
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that the more the aspect ratio of the crystal, the larger is the normalized crack extension force

G/ Gy .

However compared to the effect of the applied electric field, the effect of the aspect

ratio of a new-switchedly crystal on the crack ectension is not much obvious. On the other hand,

Fig.5 gives the crack extension force (energy release rate) G,,, and G, as a function of the crack

4x107°°

Aﬁ

2

!
=)
=
x
o

01)%

2x 10710

A tad

1kV/m

Eg:—'

(a)

f/md

0.03

0.02!

B/rad

=100 kV/m

(b) E;

/rad

E;=1MV/m

(o)

Fig.5 Effect of the crack orientation en the crack extension force G, and G,

10 um

(unit: N/m) in the case of a given electrical filed and ¢
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orientation for a constant external electric field. It is obviously marked that the simulation G,,,
shown in Fig.5 increases to a maximum at 8 = 80 ° ~ 90 ° and then decreases to a minimum at
B = 180 °in any case of @ = 0 ° ~ 360 ° while the ferroelectric ceramics is subjectecd to an
electric field. Obviously, the values of G, are much greater than G, due to take the effect of
domain switching into consideration. These results also indicate that the crack in polarization
plane will propagate more easily than that in the perpendicular plane, which are good in

agreement with the observed phenomenal' =14 .

5 Conclusion

According to the inherent microstructure and microstructure-level phenomenon of
ferroelectric ceramics, we employ the Cheng’s et al . 193 statistical model to study the effect of
domain switching on the electroelastic field by the way of Eshelby-Mori-Tanaka method and
[26]

Wang’s = solution of an inclusion embedded by piezoelectric matrix firstly . Further, the crack

extension force (energy release rate) G, of a penny-shape crack in an effective polycrystalline
ferroelectric ceramics is carried out to analyze the effect of domain switching on the fracture
behavior. The calculations of the crack extension force for a crack in a BaTiO; ceramics

demonstrate that the applied electric field can enhance the crack extension in a ferroelectric
ceramics, namely the applied electric field can decrease the fracture strength of ferroelectric

ceramics, which are consistent with the experimental results' 11 14
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Appendix A

The non-zero components of Eshelby’ s electroelastic tensors S can be presented as following formation:

where

Zl = 872",

1 0 a7l 0
1 0 asl 0 a2
S, = EI(CHN“” + CpNpp + €3 Nigig + e3 Nus)’

1/ 0
/1 0 Al 0 Al 0 a2
Sz = th( CoolNiy + CplNypp + CpNigs + 932N113),

1 0 sl 0 arl 0 Al 0 a2
Si3 = Z;r(CnNuu + CNpp + Ca Ny + 933N113)1

1

0 ArZ

Su = Z_?teuNmy
1 o

Sis = Z;telsNus’

1,0 0 arl
0 arl 0 a2
S =~ 4_7:(8311\[1111 + e N + esNigs — ks Nis)
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1 0 arl 0 arl 0 Al 0 a2
4_11( CliNamr + Cyy Ny + C3 Nogs + €3 N223){
L(CO N o N1 e N 0 N%,)
an brfVam t UV + Uz i¥oam + €31V53/
1 0 Al 0 sl 0 sl 0 a2
4_1!(013/\]2121 + C3 Ny + Cg N + essszs)’
1 o .2 L 4 .2
4_K%4N223’ Sos = ;gtewNm’

i(ONl o N 0 Nt B N2,)
~ 4n €31 i¥o191 + €3{¥xp + €330¥om3 — A33VN;3 /s
1(60 N co NL c° N 0 NZ,)
At b1 Y3 + Cp1 fVapmp + U3y iVazsz + €35 (V333 )/,

1 0 sl 0 sl 0 Al 0 AR
4_n( CioNam + CpNypgp + Cy Ny + em Ny ) s

1 0 asl 0yl 0 asl 0 A2
4-_7\7( Cis N3z + Cyy Ny + Ci3 Nagz + e N333)’

1 o a2 1 o a2
— ey IV Sis = eis V'
dn vz 35 A Vam,
L (e N 52 V3 % Nisy — k33 Nig)
T 4n €31 1¥3131 + €3 /¥33) + €331V3333 — M33iV333/
1 4 2 1 o a2 1 o a2
—ey N Sy = =—ey N Sin = o—ex V.
RN 42 g fn Vo 43 g &3 V322

1
4_7([ C&(Nézsz + N§322 + Nészs + Nézss) + 9(2)4(1\@;2 + Ngzz)],

1

0 A2
;,;telst’

1
- S_Tc[egA(Ném + N:14322 + Nlmz + Né:m) - k(z)z(N7232 + N§22)]’

1 4 2 1 o2
aoenlNz, Sp = goen Ny,
8 8

1 o A2 1 o 2
a-en Ny,  Ssy = ey,
8 4r

4%:[ Coh(Nias + Nbais + N + Nigy) + els(N3y + Nisp)J,
- §1}[ % (N + Nigsy + Nyys + Nyyy) - G (N3, + Nig) T,
U Vi + Nl + Mg + M),
- LT ¢ M) + ML),
AL (N + N - RN,

1
- ﬂ[ 024(1\%22 + N%32> + e(Z)ANgz]’

1
zﬁ[euu(Ngzz + sz) - kgzNgzL
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1
Sg = - 4_7r( C(I)IN%B + C(1)2N§B + C(SJIN§33 + 9(3)1Nga)1

1 0 A2 0 a2 0 ar2 0 a3
- Z;r(ClZNIB + Cp Ny + Cp Ny + 932N33),

2
S
!

1
Sg = - 4_7\:(6?3]\[%13 + C(2)3N22123 + C(3_)3N§33 + egaNgs)’

1,02 0 a2 0 A2 0 A
Sgg = Z;t(esx Niz + e Noy + e Nagy — by N33)

Appendix B
The components of A matrix are shown as
r o’ m? 0 0 0 2mn ]
m’ p’ n’ p2 q 2npq - 2mpq - 2nmp2
m’ q2 ¢’ p2 ~ 2npq 2mpq - 2mnq2
fr = 2 2 2 2 2 2 ’
pgm° - pgn’ gp np’ - ng® mq’ - mp nmpq
nmq -nmq O mp np qm® - qo®
2 2
“ - nmp  nmp 0 mq ng pr - pm -
[ n m 0
Jo=|-mp np q,
L mgq -nq p
where n = cosa, m = sine, p = cosf, q = sin8, f; is 6 x 6 matrix and f, is 3 x 3 matrix. Then,
A = [ .f}‘ 06)(3]
03)(6 .,:e
and
AT = A7

where superscript “T” indicates the transpose of matrix and “ ~ 1” means the inverse of the matrix .



